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Recent results in quantum information theory characterise quantum coherence in the context of
resource theories. Here we study the relation between quantum coherence and quantum discord,
a kind of quantum correlation which appears even in nonentangled states. We prove that the
creation of quantum discord with multipartite incoherent operations is bounded by the amount
of quantum coherence consumed in its subsystems during the process. We show how the interplay
between quantum coherence consumption and creation of quantum discord works in the preparation
of multipartite quantum correlated states and in the model of deterministic quantum computation
with one qubit (DQC1).
PACS numbers: 03.65.Ud, 03.65.Ta, 03.67.Ac, 03.67.Mn
Introduction – Quantum information theory studies
the features that make a system inherently quantum.
Viewing these features as resources is crucial for devel-
oping new quantum technologies. Nonclassical correla-
tions have long been regarded as a key quantum re-
source. Entanglement was the first such concept to be
known about, and later other types of quantum corre-
lations beyond entanglement, notably quantum discord,
were discovered. However, notions of quantumness also
exist in single systems without referring to correlations.
As originally pointed out by Schro¨dinger [1], superpo-
sition – nowadays often called quantum coherence – is
a fundamentally quantum property. The rigorous char-
acterization of coherence in the framework of resource
theories has been a rather recent development [2, 3], and
a subsequent stream of works have identified coherence
measures for both theoretical and experimental purposes
[2–27].
Resources are often interconvertible: we can trade one
for another. Along these lines, can coherence in single
systems be traded for quantum correlations? Recently,
the relation between coherence and entanglement has
been studied in Refs. [18, 24, 27, 28]. In this work, we in-
vestigate the interplay between coherence and quantum
discord in multipartite systems. Discord is a recently es-
tablished kind of quantum correlation [29–31], which has
generated a great deal of interest and debate [32]. Pre-
vious results have reported a link between specific co-
herence and discord-type measures [20, 24, 33]. Here we
provide a general relation for consuming coherence in or-
der to build up discord. We prove that for a multipartite
system, if the coherence of the global state is a resource
which cannot be increased, the cost of creating discord
can be expressed in terms of coherence consumption of
the subsystems.
We show this mechanism at work in two settings. First,
we consider the preparation of a quantum correlated state
by applying a sequence of controlled gates to an uncorre-
lated multipartite coherent state, a standard subroutine
for quantum information, computation and metrology
[34, 35]. Then we focus on the deterministic quantum
computation model with one qubit (DQC1) [36]. This
model has been widely studied to determine if alterna-
tive quantum resources beyond entanglement, e.g., dis-
cord, might be employed in quantum computation [37–
40]. We study the role played by the coherence of the sin-
gle pure qubit in this model, showing that it is coherence
consumption that makes discord production possible.
Linking coherence and discord – Before stating our re-
sults, we review the information-theoretic definitions of
coherence and discord. The resource theory of coherence
characterizes the free resources, i.e., incoherent states
and incoherent operations, and the criteria identifying
coherence measures [3, 41]. The framework has been
extended to the multipartite scenario [18, 22, 24, 27].
Given a finite-dimensional system partitioned by n sub-
systems {A1, A2, ..., An}, and a reference product basis
{|i1...n〉 := |i1〉 ⊗ ... ⊗ |in〉}, the incoherent states take
the form σA1...An =
∑
i1...n
pi1...n |i1...n〉〈i1...n|, {pi1...n} ≥
0,
∑
i1...n
pi1...n = 1, and form the set IA1...An . Any other
state has non-zero coherence. An incoherent operation
is any quantum operation that maps incoherent states
to incoherent states. Incoherent states of subsystem Ak
are defined with respect to the basis {|ik〉} being consis-
tent with the joint basis {|i1...n〉}. For a bipartite system
AB, it is possible to study the coherence with respect
to a local basis on A. We thus define the A-incoherent
states with respect to {|i〉A} as σAB ∈ IB|A, σAB =
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2∑
i pi|i〉〈i|A ⊗ ρB|i [42], and call maps ΛB|AIC taking IB|A
to itself A-incoherent operations. A measure of coher-
ence fC(ρ) is a nonnegative function which vanishes for
incoherent states and is a nonincreasing monotone un-
der incoherent operations, fC(ρ) ≥ fC(ΛIC(ρ)). This en-
sures that the resource (coherence) cannot be increased
through free (incoherent) operations. A notable class of
coherence measures is given by the pseudo-distance of
a state to the incoherent (or A-incoherent) state set I:
Cδ(ρ) = min
σ∈I
δ(ρ, σ), where δ is a contractive pseudo-
distance [43]. In particular, we recall the relative entropy
of coherence C(ρ) = min
σ∈I
S(ρ||σ) = S(ρ||Φi(ρ)), where
S(ρ||σ) = Tr[ρ log2 ρ] − Tr[ρ log2 σ] is the quantum rela-
tive entropy and Φi(ρ) =
∑
i |i〉〈i|ρ|i〉〈i| is the dephased
state in reference basis {|i〉}. For the A-incoherent
case we have CB|A(ρAB) = min
σAB∈IB|A
S(ρAB ||σAB) =
S(ρAB ||ΦiA(ρAB)), where ΦiA(ρAB) =
∑
i pi|i〉〈i|A ⊗ ρB|i
is a local dephasing in subsystem A [22].
Discord quantifies the disturbance induced by local
measurements to multipartite states [29–31]. Even sep-
arable mixed states can have non-zero discord, while
all quantum correlations reduce to entanglement for
pure states. Let C denote the set of zero discord
states, described as classically correlated. They take
the form
∑
k1...n
pk1...n |k1...n〉〈k1...n|, where {pk1...n} ≥
0,
∑
k1...n
pk1...n = 1 and {|k1...n〉 = |k1〉 ⊗ ... ⊗
|kn〉} is an arbitrary product basis. A class of
measures quantifies discord as the pseudo-distance to
the set C : Dδ(ρ) = min
σ∈C
δ(ρ, σ) [31]. In par-
ticular, the relative entropy of discord is given by
D(ρA1...An) = min
Φi
D{Φi}(ρA1...An), D{Φi}(ρA1...An) =
S(ρA1...An ||Φi(ρA1...An)), where Φi = ⊗nj=1ΦijAj is the de-
phasing, i.e. a projective measurement, in {|i1...n〉} [44].
An alternative measure is given by the global discord
D(ρA1...An) = min{Φi}
D{Φi}(ρA1...An), D{Φi}(ρA1...An) =
S(ρA1...An ||Φi(ρA1...An)) −
∑
k S(ρAk ||ΦiAk(ρAk)), where
ΦiAk(ρAk) =
∑
i |ik〉〈ik|ρAk |ik〉〈ik| [45]. These two quan-
tities evaluate the disturbance induced by applying lo-
cal dephasing to all the subsystems. Yet, disturbance
also occurs when performing local measurements only
on a fraction of the subsystems. This is captured by
the asymmetric discord measures. For bipartite states
ρAB , by dephasing only on A, one has DB|A(ρAB) =
min
{ΦiA}
D{ΦiA}(ρAB), D{ΦiA}(ρAB) = S(ρAB ||ΦiA(ρAB)) −
S(ρA||ΦiA(ρA)), which is equivalent to the original def-
inition of discord [29, 30]. We note that discord is alter-
natively defined as the minimum disturbance induced by
generalized measurements (POVM), thus taking smaller
values than the above introduced quantities [31]. As
this choice does not affect our results, we stick to the
minimization over dephasing. From now on, the dephas-
ing for all basis-dependent discord measures, e.g., Φi for
D{Φi}(ρA1...An), is with respect to the reference basis un-
der consideration.
We are now ready to link coherence and discord. It is
evident from the above definitions that Dδ(ρA1...An) ≤
Cδ(ρA1...An) (for the relative entropy, see [24]) for any
choice of the reference basis. In fact, this measure of dis-
cord is the minimum amount of coherence in any product
basis [31]. Let us then consider a setting where a coherent
state ρA is coupled to an initially uncorrelated incoher-
ent ancilla τB . If the coupling is an incoherent operation,
then there is a bound on the amount of discord generated:
Result 1 – For any contractive pseudo-distance δ the
amount of discord created between a state ρA and an inco-
herent ancilla τB by an incoherent operation ΛIC is upper
bounded by the coherence of ρA:
Dδ(ΛIC(ρA ⊗ τB)) ≤ Cδ(ρA). (1)
Proof – Suppose τA is the closest incoherent state to ρA.
By exploiting the contractivity of δ and that ΛIC(τA ⊗
τB) ∈ C, we have Cδ(ρA) = δ(ρA, τA) = δ(ρA ⊗ τB , τA ⊗
τB) ≥ δ(ΛIC(ρA⊗τB),ΛIC(τA⊗τB)) ≥ Dδ(ΛIC(ρA⊗τB)).
Q.E.D.
As dB ≥ dA, the bound can be saturated for δ being
the quantum relative entropy and the Bures distance.
Here is the proof. Let us now fix dB ≥ dA, δ being the
quantum relative entropy, and τB = |i0〉〈i0|. By results
in [18], there exists an incoherent unitary gate (a general-
ized controlled-NOT gate) such that Eδ(ΛIC(ρA⊗τB)) =
Cδ(ρA), where E
δ is the relative entropy of entanglement.
Since Dδ(ρ) ≥ Eδ(ρ), we obtain Dδ(ΛIC(ρA ⊗ τB)) ≥
Cδ(ρA). Thus, D
δ(ΛIC(ρA ⊗ τB)) = Cδ(ρA). If τB is a
different incoherent state, we just perform the incoherent
operation that replaces it with |i0〉〈i0|, and the proof fol-
lows. A similar argument holds for δ the Bures distance.
It is already known that coherence can be converted to
entanglement[18]. Since discord is a quantum correlation
beyond entanglement, a natural question arises: is it pos-
sible to transform coherence to discord without generat-
ing entanglement? We answer this question by providing
such an example. Let us start with the state |+〉〈+| ⊗
|0〉〈0|, where |+〉 = 1√
2
|0〉+ 1√
2
|1〉. Then we perform the
incoherent operation ε(ρ) = pUCXρU
†
CX+(1−p) I4 , UCX is
the controlled-NOT gate UCX(|i〉⊗|j〉) = |i〉⊗|i⊕j〉. The
resulting state is a Werner state p|Φ+〉〈Φ+| + (1 − p) I4 ,
with |Φ+〉 = 1√
2
|00〉 + 1√
2
|11〉. By tuning 0 < p ≤ 13 ,
one can generate discord without any entanglement. It
is easy to check that this case respects Result 1. An open
question is whether or not the bound can be saturated
for some separable output state. We leave this issue for
future research.
Result 1 shows that the initial coherence of the global
state (here equivalent to the coherence of subsystem A)
upper bounds the creation of discord by incoherent op-
erations. It is possible to extend the link to multipar-
3tite scenarios and tighten the bound by focusing on the
relative entropy of coherence. Given an arbitrary chan-
nel Λ(·), we define the consumption of quantity X in
system Y under Λ(·) as ∆X(ρY ) = X(ρY ) −X(Λ(ρY )).
When ∆X(ρY ) is negative, −∆X(ρY ) can be understood
as the production of X. For example, ∆C(ρA) denotes
the coherence consumption of system A. We note that
this quantity is closely related to the decohering power
of a channel introduced by Mani and Karimipour [46],
which corresponds to the maximum achievable coher-
ence consumption when the input ρA is optimized over
the set of maximally coherent states. Also observe that
D{Φi}(ρA1...An) = C(ρA1...An)−
∑
k C(ρAk) ≥ 0, we find
∆C(ρA1...An) =
∑
k ∆C(ρAk) + ∆D{Φi}(ρA1...An). If the
channel is a global incoherent operation, coherence is con-
sumed, ∆C(ρA1...An) ≥ 0. Thus:
Result 2 – Given an incoherent operation ΛIC ap-
plied to an uncorrelated multipartite system ρA1...An =
⊗ni=1ρAi , the production of global discord is upper
bounded by the coherence consumption of the subsystems:
D(ΛIC(ρA1...An)) ≤
∑
k
∆C(ρAk). (2)
Proof – Since
∑
k ∆C(ρAk) + ∆D{Φi}(ρA1...An) ≥ 0,
one has
∑
k ∆C(ρAk) ≥ D{Φi}(ΛIC(ρA1...An)) −
D{Φi}(ρA1...An) = D{Φi}(ΛIC(ρA1...An)) ≥
D(ΛIC(ρA1...An)). Q.E.D.
The bound is saturated if the least disturbing dephas-
ing in D(ΛIC(ρA1...An)) is the one on the reference basis,
and ΛIC is a unitary (thus reversible) operation.
Following the same line of reasoning, the creation of
asymmetric discord is bounded by the coherence con-
sumption of the subsystems:
Result 3 - Given an A-incoherent operation Λ
B|A
IC applied
to an uncorrelated bipartite state ρAB = ρA ⊗ ρB, the
production of asymmetric discord is upper bounded by the
coherence consumption in A,
DB|A(Λ
B|A
IC (ρAB)) ≤ ∆C(ρA). (3)
Proof – We note that D{ΦiA}(ρAB) = CB|A(ρAB) −
C(ρA), thus ∆CB|A(ρAB) − ∆C(ρA) = ∆D{ΦiA}(ρAB).
The monotonicity of CB|A under Λ
B|A
IC implies
∆CB|A(ρAB) ≥ 0. As D{ΦiA}(ρAB) = 0, one has∑
k ∆C(ρAk) ≥ D{ΦiA}(Λ
B|A
IC (ρAB)) − D{ΦiA}(ρAB) =
D{ΦiA}(Λ
B|A
IC (ρAB)) ≥ DB|A(ΛB|AIC (ρAB)). Q.E.D.
We observe that defining discord by minimizing over
POVM would still lead to the same upper bounds in Re-
sults 1-3. It is also notable that for pure states the results
provide a link between coherence consumption and cre-
ation of entanglement. In the following, we discuss two
quantum information protocols to show how the interplay
between coherence and discord works.
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FIG. 1. Preparation of a quantum correlated state. A se-
quence of controlled-Z gates is applied to generate quantum
correlations in a quantum system that is initialized in a prod-
uct state. The sequence represents a global incoherent oper-
ation for the register, i.e., the coherence of the global state is
non-increasing (it is constant in such a case). Each controlled
gate consumes the coherence of the control and target qubits
and increases the global discord of the state.
Preparation of a quantum correlated state – Let us
consider a register of n qubits initialized in the product
state ρA1...An = (p
I
2 + (1 − p)|θ〉〈θ|) ⊗ |θ〉〈θ|⊗n−1, |θ〉 =
cos θ|0〉+ sin θ|1〉, p ∈ [0, 1], θ ∈ [0, pi], where the noise in
the first qubit is added to distinguish discord from entan-
glement. By applying the network in Fig. 1, we aim to
prepare a quantum correlated state, which can be then
employed to run a quantum computation. In particular,
for p = 0, θ = pi/4, the scheme generates a maximally en-
tangled (graph) state with applications in quantum com-
putation [47–49] and metrology [50]. The state prepa-
ration consists of a sequence of two-qubit controlled-Z
gates UCZ(|i〉 ⊗ |j〉) = (−1)ij |i〉 ⊗ |j〉 which create quan-
tum correlations between the register qubits. This is an
incoherent operation in the standard computational basis
|i〉 ⊗ |j〉.
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◆ ◆
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FIG. 2. Coherence consumption bounds discord creation. We
plot the values of the total coherence consumption of the sub-
systems l × ∆C(ρAk ) + ∆Cl(ρA1) (solid linked diamonds),
the created global discord D(ρlA1...An) (dotted linked squares)
obtained by numerical optimization, and the coherence con-
sumption (dashed linked discs) on the control qubit ∆Cl(ρA1)
after l controlled-Z gates for p = 0.2 and θ = 0.45.
4Let ρlA1...An denote the state after performing the l-th
controlled-Z. From Eq. 2, one has (full derivation in
supplementary material)
D(ρlA1...An) ≤ l ×∆C(ρAk) + ∆Cl(ρA1), (4)
where ∆Cl(ρA1) = C(ρA1)−C(ρlA1) denotes the total co-
herence consumption on the control qubit after applying
the l-th controlled-Z gate and ∆C(ρAk), k = 2, ..., l+1 is
the coherence consumption on each target qubit for each
of the l applications of the controlled-Z . We calculate
the values of these quantities and plot them in Fig. 2,
which highlights the expected relation between coherence
consumption and global discord production. Due to the
symmetry of the problem, each controlled-Z consumes
an equal share of coherence in each target, i.e., ∆C(ρAk)
is the same for each k ≥ 2.
Coherence consumption and discord production in
DQC1 – This model is a quantum computation which es-
timates the normalized trace of a unitary matrix U with
exponential speed-up with respect to the known classi-
cal algorithms [36]. It employs highly mixed qubits such
that vanishing entanglement is generated in the multi-
partite state. The protocol is presented in Fig. 3. The
algorithm requires an n + 1 qubit system split into one
ancilla |0〉〈0|A (in fact, the result applies to any ρA) and
an n-qubit maximally mixed register, ρR = I/2n, ini-
tially in a product state. This scheme consists of first
applying a Hadamard gate on the register, followed by
a controlled-U gate that correlates this register with the
ancilla. Subsequent measurements of the ancilla in ap-
propriate basis enables estimation of the normalized trace
of U : 〈σx + iσy〉ρ˜A = Tr[U ]/2n.
It is conjectured that discord in the state just prior to
measurement, ρ˜AR, is the resource for the protocol [37–
40]. Here we provide a further viewpoint by studying
DQC1 in terms of the interplay between coherence and
discord.
We fix the reference basis to be the computational ba-
sis for the ancilla and the eigenbasis of U for the regis-
ter. Our reference basis choice makes the controlled-U
an incoherent operation. Also, the state of the regis-
ter is always maximally mixed, thus remains incoherent
throughout the algorithm. The protocol requires coher-
ence to be built in the ancilla state, C(ρA) = 1, then
to be consumed in order to correlate the ancilla and the
register.
From Eq.(2), we have ∆C(ρA) + ∆C(ρR) ≥
−∆D(ρAR). By noting that ∆C(ρR) = 0 and D(ρAR) =
0, we find that the coherence consumption in the ancilla
bounds the generated global discord:
D(ρ˜AR) ≤ ∆C(ρA). (5)
Let us focus on the asymmetric discord. It is straightfor-
ward to see that controlled-U is an A-incoherent opera-
tion, i.e. it maps the set IR|A to itself. Since the global
U𝐼𝑛/2𝑛
𝜌𝐴
𝑅:
H𝐴: |  0  0|
1. Coherence preparation
2. Coherence consumption for building up discord
3. Information extraction
 𝜌𝐴
 𝜌𝐴𝑅
FIG. 3. DQC1 model. The algorithm consists of: (1)
preparing coherence in an ancillary pure qubit; (2) apply-
ing a controlled operation, which in general creates discord
between the ancilla and a maximally mixed register by con-
suming the coherence of the ancilla; (3) obtaining information
about Tr[U ] by a polarisation measurement in the ancilla:
〈σx + iσy〉ρ˜A = Tr[U ]/2n.
state before applying the controlled-U is a product state,
Eq. 3 implies
DR|A(ρ˜AR) ≤ ∆C(ρA). (6)
Previous claims about discord as a resource in DQC1
have several flaws. One is that as U = eiφM,M2 =
I, there is no discord in ρ˜AR [40]. Nevertheless, no
classically efficient method of estimating the normal-
ized trace of such U is known. We note coherence
can generally be consumed in this case. In fact,
∆C(ρA) = H2(
1−|Tr[U ]|/2n
2 ), where H2(x) = −x log(x)−
(1− x) log(1− x) is the binary Shannon entropy. There-
fore no coherence is consumed if and only if U = eiφI
for some φ. This motivates an interesting question of
whether a classical algorithm can evaluate the normal-
ized trace of such U . The question, however, is surpris-
ingly non-trivial. This is because the input of the DQC1
algorithm is not a matrix representation of U , but rather
some classical description for a polynomial sized quan-
tum circuit (sequence of one and two-qubit gates) that
generates U [51]. If true, it would indicate that coherence
consumption is non-zero in DQC1 if and only if quantum
processing has a computational advantage.
Conclusion – In this work, we investigated the inter-
play between coherence and discord. We proved several
results bounding the amount of discord which can be cre-
ated ex nihilo by incoherent operations in a multipartite
system. We showed that coherence of the subsystems
must be consumed in order to create genuinely quantum
correlations between them. Establishing the cost of cre-
ating quantum resources is a necessary requirement for
quantum information processing. Here we proved that
5in a scenario where coherence of the global state is not
a freely available resource, which means that only inco-
herent operations are allowed, discord is created only if
coherence of the subsystems is consumed.
This also motivates a line of future research. Do there
exists situations where quantum correlations be consid-
ered a natural resource for generating states of high co-
herence? Together these relations could have particular
importance in the study of open systems, where systems
under study constantly interact with the environment.
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6Supplemental Material
Converting Coherence to Quantum
Correlations
Jiajun Ma, Benjamin Yadin, Davide Girolami, Vlatko
Vedral, and Mile Gu
Derivation of Eq.4 in the paper
In the current scenario, the system is initialized to be
ρA1...An = (p
I
2 + (1− p)|θ〉〈θ|)⊗ |θ〉〈θ|⊗n−1, where |θ〉 =
cos θ|0〉 + sin θ|1〉 and θ ∈ [0, pi], p ∈ [0, 1]. Let ρlA1...An
denote the state after applying l-th controlled-Z gate to
the state. Clearly, ρlA1...An = ρ
l
A1...Al+1
⊗ |θ〉〈θ|⊗n−l−1,
where ρlA1...Al+1 = TrAl+1...An [ρ
l
A1...An
]. Meanwhile, we
have
ρlA1...Al+1 = p× σlA1...Al+1 + (1− p)× τ lA1...Al+1 , (A.1)
where
σlA1...Al+1 =
1
2
|0〉〈0| ⊗ |θ〉〈θ|⊗l + 1
2
|1〉〈1| ⊗ | − θ〉〈−θ|⊗l,
(A.2)
and
τ lA1...Al+1 = |ψ〉l〈ψ|l, (A.3)
with |ψ〉l = cos θ|0〉|θ〉⊗l + sin θ|1〉| − θ〉⊗l. Thus the
reduced state of A1 is given by
ρlA1 =
(
p
2
+ (1− p) cos2 θ (1− p) sin θ cos θ〈−θ|θ〉l
(1− p) sin θ cos θ〈θ| − θ〉l p
2
+ (1− p) sin2 θ
)
Since |〈−θ|θ〉| ≤ 1, the modulus of the off-diagonal ele-
ments of ρlA1 decreases with l. This means that the coher-
ence consumption of A1, denoted by ∆C
l(ρA1), keeps in-
creasing as controlled-Z gates are applied. For the other
qubits labelled k = 2, 3, ..., l + 1, the marginal state is
given by ρlAk = cos
2 θ|θ〉〈θ|+ sin2 θ|θ〉〈θ|. Hence, the to-
tal coherence consumption of these qubits is l×∆C(ρAi).
Since controlled-Z is an incoherent operation, by Result
2 of the main text, the total accumulated coherence con-
sumption after the l-th controlled-Z gate is given by
D{Φi}(ρlA1...An) = ∆C
l(ρA1) + l ×∆C(ρAk), (A.4)
as the initial state has no correlation, ∆D(ρA1...An) =
−D(ρlA1...An). Finally, since D(ρlA1...An) ≤
D{Φi}(ρlA1...An), one has
D(ρlA1...An) ≤ ∆Cl(ρA1) + l ×∆C(ρAi). (A.5)
